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Abstract

Invariant fiber bundles are the generalization of invariant manifolds from classical dis-
crete or continuous dynamical systems to non-autonomous dynamic equations on measure
chains. In this paper we present a self-contained proof of their existence and smoothness.
Our main result generalizes the so-called “Hadamard-Perron-Theorem” for hyperbolic finite-
dimensional diffeomorphisms to pseudo-hyperbolic time-dependent non-regressive dynamic
equations in Banach spaces. The proof of their smoothness uses a fixed point theorem of
Vanderbauwhede-Van Gils.
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1 Introduction

Since the days of Poincaré, Hadamard, Lyapunov and Perron invariant manifolds have played
an eminent role in the theory of dynamical systems. A particularly prominent example in this
subject is the “Stable-Manifold-Theorem”, which is also known as the Theorem of Hadamard-
Perron. It states that the domain of attraction of a hyperbolic rest point can be locally repre-
sented as a graph over an algebraic eigenspace of the corresponding linearized system. Meanwhile
this basic result has been generalized in various directions and because the present paper is not
a survey article, we do not even try to summarize all the related literature and refer simply to
the references given in [2, 4, 5, 9, 11, 15].

The primary objective of this paper is to unify the two results AULBACH & WANNER [4, Theorem
4.1] (i.e. its special case of ODEs) and AULBACH [2, Theorem 4.1] within the so-called “Calculus
on Measure Chains” developed e.g. in HILGER [8]. Both [4] and [2] contain a very general
version of the “Stable-Manifold-Theorem” for non-autonomous infinite-dimensional equations
with a pseudo-hyperbolic linear part. The first article deals with Carathéodory type differential
equations, in particular ordinary differential equations (ODEs), while the latter one treats non-
invertible difference equations (OAEs) in Banach spaces. The basic notion hereby is the concept

*Fax: +449 821 598 2200, email: christian.poetzsche@math.uni-augsburg.de



2 2 PRELIMINARIES

of an invariant fiber bundle which is an appropriate pendant to the invariant manifolds in a
non-autonomous setting. However, our construction of the invariant fiber bundles is different
from [4, 2], being rather a direct adaptation from SIEGMUND [15] and AULBACH, POTZSCHE &
SIEGMUND [5], which allows an accessible approach to prove their smoothness using a theorem
by VANDERBAUWHEDE & VAN GILS [16]. Again the literature on the smoothness of invariant
manifolds is vast and therefore we refer to the references given in [5, 9, 11, 15].

Our main result (Theorem 4.9) applies to non-autonomous, non-regressive dynamic equations in
Banach spaces on nearly arbitrary measure chains, with a pseudo-hyperbolic linear part where
the growth rates are not assumed to be constant. It guarantees the existence and C'-smoothness
of so-called “pseudo-stable” and “pseudo-unstable fiber bundles” and additionally a higher order
smoothness in a weakened hyperbolic sense. So far there are only three other contributions to
the theory of invariant manifolds for dynamic equations on measure chains or time scales (closed
subsets of the real line), respectively. HILGER [10, Theorem 4.1] shows the existence of a “center
fiber bundle” (in our terminology) for non-autonomous systems on measure chains. A rigorous
proof of the smoothness of generalized center manifolds for autonomous dynamic equations on
homogeneous time scales can be found in HILGER [9]. Finally the thesis KELLER [11] deals with
classical stable, unstable and center invariant fiber bundles and their smoothness for dynamic
equations on arbitrary time scales. As an introduction to dynamic equations on measure chains
we recommend HILGER [8] or BOHNER & PETERSON [6, Section 8.1].

2 Preliminaries

First, N is the set of positive integers, Ny := NU{0} and R the real field. Throughout this paper
Banach spaces X', ) are all real or complex and their norms are denoted by ||| y, [|-[|y, or simply
by [|-]]. £n(X;)) is the Banach space of n-linear continuous operators from X™ to ) for n € N,
Lo(X;Y) =Y, Lo(X) = L(X; X)), L(X;Y) = L1(X;)), LX) := L1(X) and Iy the identity
map on X. On the cartesian product X x ) we always use the norm

1z )|y = max {[lz]x, lylly} (2.1)

and write II; : X x Y — X and Il : X x Y — ) for the projections on the first and second
component, respectively. We say that a linear subspace X7 C X is continuously embedded into
X if the embedding operator J : &} — X, Jx := x is continuous and in this case we use the

J
notation X; < X. The ball in X with center x € X and radius ¢ > 0 is denoted by B.(x). We
write D f for the Fréchet derivative of a mapping f and if f depends differentiable on e.g. two
variables, then the partial derivatives are denoted by D f and Ds f, respectively.

We also introduce some notions which are specific to the calculus on measure chains. In all
the subsequent considerations we deal with a measure chain (T, =, ) unbounded above and
below, i.e. a conditionally complete totally ordered set (T, <) (see HILGER [8, Axiom 2]) with
the growth calibration 1 : T x T — R (see [8, Axiom 3]), such that the set u(T,7) C R, 7 € T,
is unbounded above and below. In addition py : T — T, p4(¢) := inf{s € T: ¢t < s} defines
the forward jump operator and the graininess p* : T — R, p*(t) := pu(p+(t),t) is assumed to be
bounded from now on. For 7,¢t € T we define

[T, t]pi={seT: 17=s=t}, T/ :={seT: 1 =<s}, T, ={seT:s=<71},

where (half-) open T-intervals are given analogously. €,.4(I,L(X)) denotes the rd-continuous
and C,q4R(I, L(X)) the rd-continuous, regressive functions from a T-interval I to £(X'). Recall



that C"R(T,R) := {c € C.qR(T,R) : 1+ p*(t)a(t) > 0 for t € T} forms the so-called regressive
module with respect to the algebraic operations

(1+ ha(t))" — 1

(a @ D)(t) == a(t) + b(t) + pu*(H)a(t)b(t), (oo =, lim

for t € T, integers n and a,b € C R(T,R). Growth rates are functions a € €1, R(T,R) such that
1 + infer p*(t)a(t) > 0 and sup,cr p*(t)a(t) < oo holds. Moreover we define the relations

a<db & 0<Lb—aJ::2161%(b(t)fa(t)), adb & 0<|[b—al,

and e, (t,s) € R stands for the real exponential function on T (see [8, Section 7]). A mapping
¢ : T — X is said to be differentiable (at to € T), if there exists a unique derivative ¢*(ty) € X,
such that for any € > 0 the estimate

6= (t0)) — 6(t) — 1lp(to), DO (to)|| < e | (to),1)]  for t € U

holds in a neighborhood U C T of ¢y (see [8, Section 2.4]). We write Ays : T x X — Y for
the partial derivative w.r.t. the first variable of a mapping s : T x X — ), provided it exists.
If ¢ : T — X possesses an antiderivative, i.e. a differentiable mapping ® : T — X such that
®2(t) = ¢(t) on T, then the Cauchy integral of ¢ is defined to be

/t o(s) As = o(t) — ®(r) for 7,t € T.

Any ¢ € C,q(T, X) has an antiderivative (see [8, Theorem 4.4]). For a dynamic equation

= f(t,x) (2.2)

with a right-hand side f : T x X — X guaranteeing existence and uniqueness of solutions in
forward time (e.g. POTZSCHE [14, p. 38, Satz 1.2.7(a)]), let A(; 7, &) denote the general solution,
ie. A(+;7,€) solves (2.2) on TF NI and satisfies the initial condition \(7;7,&) = & for 7 € 1,
& € X. It fulfills the cocycle property

At s, A(s;7,8)) = ANty 1,8) for mys,itel, 7 Xs=<t (2.3)

and £ € X. Given A € C4(T,L(X)), the transition operator ®4(t,7) € L(X), T < ¢, of a
linear dynamic equation 2 = A(t)x is the solution of the operator-valued initial value problem
XA = A(t)X, X(1) = Iy in L(X). If A is regressive then ®4(¢,7) is defined for all 7, € T.

3 Quasibounded functions
In this section we introduce the so-called quasiboundedness which is a convenient notion de-
scribing exponential growth of functions.

Definition 3.1: For a function ¢ € doﬂQ(']I‘,R), a fived time 19 € T, a Banach space X, a
T-interval I and a rd-continuous function X : I — X we say that

(a) X is ¢T-quasibounded if I = T} and sz)\Hjc i= sup,ept [|A(#)] eec(t, 7) < 0o for T € TF

70’



4 3 QUASIBOUNDED FUNCTIONS

(b) A is c”-quasibounded if I =T and if |Al|; . = sup,cp- [|A()[| eac(t, 7) < o0 for € T,
(c) X\ is ct-quasibounded if I = T and if H)\ch = supser [|A(1)] eac(t, 7) < 0o for T € T.

By B (X),B;.(X) and BE(X) we denote the sets of all ¢t -, ¢~ - and c*-quasibounded functions
A I — X, respectively.

Obviously B (X), B, .(X) and BE(X) are non-empty and using HILGER [8, Theorem 4.1(iii)],
the following result is immediate:

Lemma 3.2: For any c € CZSR(T R), 7 € T, the sets B} .(X),B;.(X) and BE(X) are Banach

spaces with the norms ||-|| 1 and ||-|= ., respectively.

T,c? || HT,C T,c’

We state the next lemma only in forward time. It will simplify our differential calculus.

Lemma 3.3: For functions c,d € @jde(T, R) with ¢ < d, n € N, 7 € T and Banach spaces X,
the following statements are valid:

(a) The Banach spaces B .(X) x Bf (V) and B (X x V) are isometrically isomorphic, and
thus they can be identified,

d

J
(b) we have Bf (X) — Bid(z\f), and the embedding operator J : Bl .(X) — Bj:d(X) satisfies

d

|

(c) the spaces Brd@n@c([' (X)) and L, (BiC(X);Bj:d(X)) are isometrically isomorphic by
means of the isomorphism J,, : B donee(Ln(X)) = La(BE(X); BT 4(X)),

<1, (3.1)
L(BTe(X);BT 4(X))

(JnA) A1y, M) () = A(OA(E) - - A (t)  fort € TS

for any A € BTd@n®c(£ (X)) and A1, ..., \y € B;C(X).

Proof. We show only the assertion (c). At first J,, is a homomorphism. With arbitrary functions
Ae B donoe(Ln(X)) and A1, Ay € BE (X) we obtain the estimate

IA@AL(E) - MOl ecalt,T) < [AWD)llz, (x) eadance(t, T) [T IM® eac(t, 7) <
k=1

|AH7‘ den®c H ”)‘kH for t € T;‘—

IN

Thus the continuity of J,, follows from

‘|JnAH£n(BiC(X);3+d(X)) sup  [[(JpA)Ar - /\n”r < |IAlF
7 " IxlF <1,

le{lz ,TL}

T,don®c *

Otherwise, the inverse J, ™ : Ln(BL.(X); B} (X)) = BT 1o, 00(La(X)) of J, is given by

(T PA) ()AL(E) -+ An(t) == (AN -+ M) (¢) fort € TF



for any A € En(Bj—:c(X);Bj,d(X)) and Aq,..., A\, € B;ﬁ:c(é\f). By the open mapping theorem

(e.g. LANG [12, p. 388, Corollary 1.4]) J,, ! is continuous and it remains to show that it is non-

expanding. To this purpose we choose n points z1,...,x, € X \ {0} arbitrarily with ||| < 1,
l€{l,...,n} and define functions \;(t) := e.(t, 7)x;. Obviously HA;H;C < 1 and hence

(2 A) (@)1 -+ | ecamneet, ) = [[(AAi--- Xa) ()] ecalt, 7) < [[AN - X[, <

S HAHEn(‘Btc(X),‘Bj,d(X)) for t € ']Tj__

Now this implies ||(J,*A) (t)ch(X) eodance(t, T) < HAHCn(TBi,C(X);TBid(X)) for all ¢ € TS and

hence HJ,:IA/_XHJr

B < HAHL:H(B;C(X);Bj’d(X))' Therefore J, is an isometry. O

Lemma 3.4: Consider functions ¢ € dofR(TjR), a time 7 € T, Banach spaces X,) and a
mapping f € C™(X, B} .(Y)) for some m € No. Then (f(-))(t) € C"™(X, ) for every t € T} .

Proof. Let t € T} be fixed. Then the evaluation map evy : Bf (V) — Y, evy(A) 1= A(t) is
a continuous homomorphism and hence of class C*°. It follows from the usual chain rule for
Fréchet derivatives that the composition (f(-))(t) = ev o f has the same smoothness as f. [

4 Construction of invariant fiber bundles

We begin this section by stating our frequently used main assumptions.

Hypothesis 4.1: Suppose the T-interval I is unbounded above and X, ) are Banach spaces.
Let us consider the system of non-autonomous dynamic equations

{ 8= A(t)r + F(t,z,v)
yA = B(t)y + G(tv T, y)

: (4.1)

where A € Cq(I, L(X)), B € CqR(I, L(Y)) and the rd-continuous mappings F : Ix X x)Y — X,
G:IxXx)Y — Y are m-times, m € N, continuously differentiable with respect to (x,y).
Moreover we assume:

(i) Hypothesis on the linear part: The evolution operators ® 4 and ®p satisfy for all s,t €
the dichotomy estimates

|®a(t,s)]| < Kieq(t,s) fors=<t, |1Pp(t,s)|| < Kaoep(t,s) fort=s, (4.2)
with real constants K1, K5 > 1 and a,b € (?;de(']I‘,]R) with a < b.

(ii) Hypothesis on the perturbation: The identities

F(t,0,0) =0, G(t,0,0)=0 on I, (4.3)
hold and the partial derivatives of F' and G are globally bounded, i.e. for alln € {1,...,m}
we have
|F|, = sup HD&?,)F(t,x,y)’ < 00,
(tz,y)EIXX XY ' L (XXY;X)
(4.4)
G| = su HD" G(t,z, ‘ < 00
< (t,m,y>e£«\fxy 2oy Glt.) Ln(XxV;Y)
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(iii) Hypothesis on higher order smoothness (if m > 2): The partial derivatives of F' and G
are uniformly continuous: For any & > 0 there exists an § > 0 such that for all ¢ € I and
(zo,y0) € X x Y we have

[Pt (B 02.9) Dy (B xow0)|, (<€ for (.)€ Balao. o).
Remark 4.2: (1) It is an immediate consequence of the mean value theorem (see e.g. LANG
[12, p. 341, Theorem 4.2]) and Hypothesis 4.1(ii) that the partial derivatives D?Q_SI)F , D?Q_;)G
are globally Lipschitz continuous (with constants |F|,, |G/, respectively) for n € {1,...,m},
and hence Hypothesis 4.1(iii) also holds for DE‘2,3)F7 D(‘ZS)G, with n € {0,...,m}. Nevertheless,
Hypothesis 4.1(iii) is of technical nature and is only needed for m > 2.

(2) In a Hilbert space Z and for a mapping R : I x Z — Z with globally bounded derivatives
DIR, n € {1,...,m}, any system of the form 2 = C(t)z + R(t, 2) can be transformed into the
“decoupled” equation (4.1) if C' € C,qR(I, L(X)) possesses an exponential dichotomy. This can

be shown using methods from AULBACH & POTZSCHE [3] via a Lyapunov transformation.

In the sequel we define two linear and two non-linear operators on spaces of quasibounded
functions and derive their basic properties concerning continuity and differentiability. This
allows to characterize the quasibounded solutions of (4.1) as fixed points of an equation based
on these operators.

Lemma 4.3 (the operator 8;): We assume I = Tq‘%, 70 € T, in Hypothesis 4.1 and choose any

c € CHR(T,R), a < c. Then for every T € T} the operator Sy : X — Bl (X x V),

(ST f) (t) :== (‘I)A(tﬂ')f7 0) fort e Tt
18 linear and continuous with

HST”E(X;Bi,C(Xxy)) < K. (4.5)

Proof. The linearity of S; is evident. Furthermore, by HILGER [8, Theorem 7.4] for any { € X
we get the estimate

(4.2)
1(5-€) (1) ecelt: ) < 1@alt, 7| €]l eac(t,T) < Kullé]l for t € T,
hence ||ST§||;C < K1 ||€]|, and S;¢ is well-defined, continuous and (4.5) holds. O

Lemma 4.4 (the operator KC;): We assume I = T} , 79 € T, in Hypothesis 4.1(i) and choose

an arbitrary growth rate ¢ € Gfde(T,R), a < c <b. Then for any 7 € Tjo the operator
K Bj{c()\,’ xY)— Bj{c()( x V),

(Kr(v,0))(t) := (/ Da(t,pT(s))v(s) As, /00 dp(t,pt(s))v(s) AS) fort € T/,

t

1s linear and continuous with

K Ko
s r=riiT=re} o

In particular we have

K
+ < 2

I
[ 2ICT(V7U)HT,C = b—c]

Hijc for (v,v) € ‘B;ﬁC(X x Y). (4.7)



Proof. Obviously K is linear. Now choose any pair (v,v) € Bj_j (X x V). Then, by the vari-
ation of constants formula, which can be shown to be valid in forward time without assum-
ing regressivity (see POTZSCHE [14, p. 56, Satz 1.3.11]), the inhomogeneous dynamic equation
2 = A(t)z + v(t) has the solution 7 := II1 K, (v,v) : Tf — X, satisfying the initial condition
z(7) = 0. Due to POTZSCHE [13 Theorem 2(a)] the function 7 is ¢*-quasibounded and we

get [[II;/C (v, ’U)”,—:’ = HVHTC < LC | ||VH . Similarly POTzSCHE [13, Theorem 4(b)] implies
that the linear system y® = B(t)y + v(t ) has exactly one c¢'-quasibounded solution, namely
17 = LK, (v,v) : TS — Y, and this solution satisfies the estimate ||II2/C,(v,v)|| . = HUHTC <

Lb 4 |||l F +.c» Which is identical with inequality (4.7). Finally we get

(-0, 0)) ()| ecelt, ) 2 max {7(8)]] eae(t, 7), [5(1)]] eoe(t, )} <

Smax{t M 20J j’c}é

(2.1) { K, Ky }
) I|l(v, U)H:C for t € T+,
le—a)” [b—C] ’

Passing to the least upper bound over ¢ € T} we finally obtain the estimate HICT(Z/,U)H:C <

max {Lff—laj, %} (v, U)Hjc and hence the continuity of K, as well as the estimate (4.6). [

The two operators S; and I given in Lemmas 4.3 and 4.4 are continuous homomorphisms and
hence continuously differentiable. The non-linear mapping G, which we define next, does not
have this property in general. This operator describes the composition of the non-linearities F'
and G with quasibounded functions and is a special case of a so-called substitution operator.

Lemma 4.5 (the operator G): We assume I = T}, 7o € T in Hypothesis 4.1(i), choose

¢ € € R(T,R) and T € TS. Then the non-linear operator G : BI (X x V) — B (X x V),
(G(v,v))(t) == (F(t,v(t),v(t),G(t,v(t),v(t)) forte TS,
has the following properties:
(a) G(0,0) = (0,0) € BI (X x V),
(b) G is globally Lipschitzian with
IG(v,v) = G(@, )|l < max {|F|; |G|} (v, 0) = (7,0)|7, (4.8)
for all (v,v),(7,0) € Bf (X x ).
Proof. (a) As a result of (4.3) in Hypothesis 4.1(ii) we obtain statement (a).
(b) For arbitrary (v,v), (7,0
G, v))(®) - (6( @))(t)H ce(t, 7) <
4)

max {|F[, [|(v,v)(t) = (7,0)(#)]| ecc(t, 7), |G, [|(v, v)(t) — (7, 0) (D) ece(t, T)} <
max {|F|;, |G|} [|(v,v) = @,0)|], for t € T}.

) € B (X x V) it follows from the mean value theorem that

—
4>

<
<

The Lipschitz condition (4.8) is obtained by taking the least upper bound over ¢ € T} in the
above estimate. Setting (7,0) := (0,0) together with statement (a) implies that the operator G
is well-defined, i.e. G(v,v) € B (X x V). O
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Lemma 4.6 (the operator g<")): We assume I = ']I':%, 70 € T in Hypothesis 4.1, choose integers

n € {l,...,m}, 7 € TS, functions c € CR(T,R) and growth rates d € C/R(T,R) such that

T0’

c<dandn®c<d. Then the operator G : Bl (X xY)— de@n@c(ﬁn(?f x V),
(6 (v, 0)) (1) = Dy (F, G)(t,1(t), (1)) for t € T
has the following properties:
(a) It is well-defined and globally bounded with

lgm@ o) <wmax{Fl,.16L} for ) e BLXxY),  (@49)

T,don®c

(b) for ¢ <d andn =1 the operator GV is continuous,

(c) for ¢ <0 and m > 2 the operator G is continuous as well.
Proof. (a) For arbitrary functions (v,v) € Bf (X x ¥) we get (cf. HILGER [8, Theorem 7.4])

(@™ w,0)) )

<
Ln(XXY)

codonee(t) <Dl (F.G)(E v(0),0(1)

Ln(XXY)
4.4)
< max{|F|,,|G|,} forteTH,

since 0 < d ©n © ¢. Therefore we have G (v,v) € BY

denee(Ln(X X Y)) and (4.9) holds.

(b) To prove the continuity of G under the assumption ¢ < d, n = 1 we choose £ > 0 and
(v0,v0) € Bf.(X x Y) arbitrarily, but fixed. Since ¢ < d, there exists a T € (7,00)p with
2max {|F[, , |G|, } eccd(T, 7) < §. Using the triangle inequality we get

|6V, 0) (1) = (6 (0,00)) (1) ecuselt, ) <

< (IDes(F.G)(tv(t), v(®)|| + [ Dz (F, G) (t, vo(t), vo(t))|]) ecdae(t, T) <
4)
< 2max{|Fl,. |61, cuselT.) < 5 for € (Tuoo)y

and for all (v,v) € Bf (X x V). Since the partial derivative D(s 3)(F,G) is continuous, there
exists a constant d; = d1(g) > 0 such that for (v,v) € Bf (X x V) the estimate

[(v,0)(t) = (vo,v0)(t)|| < 01 for t € [1,T]y
implies
H@mWWKﬂ*@mWMMWW<§ for ¢ € [r, Ty

Besides, using HILGER [8, Theorem 7.4] again, one gets

(v, 0)(2) = (0, v0) (D] < ec(t, 7) (v, v) = (o, v0) I <
< max{1,e.(T,7)} ||(v,v) — (I/(),U())H;r’c <6 forter,T|;,

for every (v,v) € Bf (X x V) with ||(v,v) — (Vo,Uo)”j:C < g = m For such pairs of

¢T-quasibounded functions (v,v) € B, (vg,v0) one has

+

T,dSc

[0 0) - 60 00,00)




= sp [ (60 0) (0 = (60, 00)) 1) ecueelt7) <
< max{tes[u% H(g(l)(y,v))(t) - (g(l)(yo,vo))(t)H,
sup ’(g(l)(y,v))(t) _ (g(1>(y07vo))(t)H e@d@c(t,T)} < g <e.

This proves the continuity of the operator G(1).

(c) Choose € > 0 and (vp,vp) € B (X x V) arbitrarily to prove the continuity of G™ in case
¢ <0 and m > 2. By means of Hypothesis 4.1(iii) and the definition of the operator G(™ there
exists an § = d(g) > 0 such that the estimate ||(v,v)(t) — (vo,v0)(t)]] < d for all ¢ € T implies

H (g(")(y,v))(t) - (g(n)(VOJJO)) (t)‘
< H (g(”)(yvv))(t) — (g(n)(VO,Uo))(t)‘

e t <
Lo (XxY) @dEBnQC( 77) >

13
<= forteTt
Lo(XxY) 2 o i

for arbitrary (v,v) € B (X x V), since 0 Id©n © c. Moreover we get

H(V7U)(t) - (V(]aUO)(t)H < ec(taT) ||(V7U) - (V(),’U())Hj_:c <
< [l(r,v) = (o, wo)[f,  for ¢ € TF.

Taking (v,v) € Bs(vo,v0) € B (X x V) our assertion follows because we have

+
HQ(")(%U) — G (v, vo) =
7,don®c
= () ) — (g™ t noe(t,T) < S <
sup (0 0) ) = @ 00O, ., cctmocltn) < 5
Therefore Lemma 4.6 is proved. O

Now the question arises whether the assumption ¢ < d in statement (b) of Lemma 4.6 is of a
purely technical nature. In fact, one cannot get rid of it because ¢ -quasibounded functions can
be unbounded. An example which demonstrates that the non-linear operator G\ may not be
continuous for 0 < ¢ = d can be found in AULBACH, POTZSCHE & SIEGMUND [5, Example 4.7]
for difference equations.

Next we investigate the differentiability of G. It will turn out that not only the smoothness of
the mappings F' and G is essential but also the particular choice of the spaces of quasibounded
functions as domain and range of G. The mappings G seem to be a good choice as candidates
for the derivatives of the substitution operator G since they are defined with the aid of the
derivatives of the mappings (F,G).

Lemma 4.7 (continuous differentiability of G): We assume I = Tjo, 70 € T in Hypothesis 4.1,

choose functions ¢ € €L,R(T,R) and growth rates d € C,R(T,R) with ¢ 4 d and a time T € T} .
Then the operator g0 .— ngg : %;C(X xY)— ’Bj’d(X x V) has the following properties:

(a) For ¢ < d it is continuously differentiable,

(b) for ¢ <0 and m > 2 it is m-times continuously differentiable.
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In any case and for anyn € {1,...,m} the derivatives are given by
DGO = J,GM : BE (X x V) — La(BF (X x V); B (X x V)), (4.10)
and they are globally bounded with

(D60 (v, v)| <max{|F|,.[G],} for (v,v) € Bf (X x V).

Lo (BE(XxV); BT (XxD))

Proof. We start with some preparations. To this end consider two arbitrary functions
(v,v), (v0,10) € Bf (X x ¥). Now we keep the pair (vp,vp) fixed and define the functions
T BE (X x V) = [0,00) for n € {1,...,m — 1} by

_l’_

rn(v,v) == sup Hg(n)(vo + hv,vo + hv) — G (15, vo)

hel0,1] T,donOc )

By Lemma 3.3(c), G™ (v, vg) can be considered as a mapping in B donoe(Ln(X x V) as well

as a n-linear mapping in L, (B} (X x Y); B (X x V)). The mean value theorem implies for
n € {0,...,m — 1} the estimate

+

T7,don®c

6+ 100+ 0) = o, ) = GV, w0) (1)

= sup
teT

n v(t
~D (.Gt (0). (o) (1)

Dty 3y (F, G) (8, v0(t) + v(1), vo(t) + v(t)) = Dig 3 (F, G) (&, (), vo(t)) —

eodonoc(t, T) =
Ln(XxY)

< /0 Dl (FLG)(t,vo(t) + hu(t), vo(t) + ho(t)) dh) (Z%) _

= sup
teTH

v(t)

_ D?2+31) (t,10(t),vo(t)) (U(t))

eadancc(t, 7) <

Ln(XxY)
< Sup/ HD?;; (F,G)(t, vo(t) + hu(t), vo(t) + hv(t))—
teTt
- DENEG o), dhecssnoctt ) [0 v(O)] ecclt. 7).

Estimating the integral we get

+
<
7,don®c

Hg<")(u0 +v,v94+v) — g(n)(Vo, vg) — g(n+1)(,/0’ o) (Z)

< sup sup HD?;; F,G)(t,vo(t) + hv(t), vo(t) + ho(t))—
teTF hel0,1]

~ D (F.G)(t mo(t), o),

eada(n+)oc(t; T) [((8), v() ]| eac(t, 7) <

(v, )7 =

n+1(X><y)

+
sup Hg("“ (vo + hv,vg + hv) — Gg(n+1) (v0,v0)
he(0,1] r,do(n+1)®c

= Tur1(v,0) (1, 0) 1],

IN
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(a) In case ¢ <1 d the operator G : B (X xY) = L(BL(X x V); Bid(X x )))) is continuous
by Lemma 4.6(b), hence the function r; is well-defined and we get lim(, )~ (0,0) ri(v,v) = 0.
Now the above estimate for n = 0 shows the differentiability of gl — ngg in any point
(v0,v0) € B (X x V) with continuous derivative G,

(b) For functions ¢ < 0 and integers m > 2, n € {0,...,m — 1} obviously (n+ 1) ® ¢ < d holds.
Therefore the operators G+ BE (X x V) = Loy1(BL (X xV); Bj’d(ﬁ,’ x ))) are continuous
by Lemma 4.6(c), the functions 7,11 are well-defined and fulfill lim(, ,)_(0,0) 7n+1(v,v) = 0.
Furthermore the above estimate shows again that each mapping G : 3;}(/\,’ xY) —

Ln(Bf (X xV); B (X x Y)) is differentiable and has the continuous derivative G+t Now
the assertion follows by mathematical induction. Finally we get the estimate

|(Dg ), v)|

<
Ln(BE(XxV);BY ,(XxY))

(4.10) o n
< Wallogt o, eaComeast st oo |67 @) domee =
(3.2) + (4.9)
< o) < max{|F|,,|G]} forne{l,...,m},
T7,don®c
and the proof of Lemma 4.7 is complete. O

We already pointed out above that for 0 < ¢ = d the continuity of the operator G(!) may be lost.
In fact, one cannot even expect the differentiability of the operator G = G(©). Nonlinearities
demonstrating this can be found in SIEGMUND [15, pp. 35-38] (ODEs) or AULBACH, POTZSCHE
& SIEGMUND [5] (OAEs).

In the previous last lemmas we investigated the linear operators S;, K- and the more subtle sub-
stitution operator G. With the help of these mappings we can now characterize the quasibounded
solutions of the dynamic equation (4.1) quite easily as fixed points.

Lemma 4.8 (solutions in B;’_‘,C(X X Y) as fixed points): Let us assume I = T}, 19 € T in

Hypothesis 4.1, choose growth rates ¢ € G:“diR(T,R), a<dc<b, 1€ ']I‘j% and a vector £ € X.
Then for the operator T, : B} (X x V) x X — B (X x V),

T (v,v;€) := 8§ + K- G(v,v), (4.11)
the following two statements are equivalent:
(a) (v*,v*) € B (X x V) is a solution of the dynamic equation (4.1) with v*(1) =&,
(b) (v*,v*) € B;‘QC(X x V) is a solution of the equation

(v*,0") = T (v, 0" ). (4.12)

Proof. Lemmas 4.3, 4.4 and 4.5 imply that 7. is well-defined and may be written explicitly as

(- (", 0 9)(t) = <<I>A(t,7)€+/ DA(t, pT (s))F(s,0%(s),v*(s)) As,

T

_ /OO Dp(t, pt(s)G(s, v*(s), ’U*(S))> :

t



12 4 CONSTRUCTION OF INVARIANT FIBER BUNDLES

(a) = (b) The function v* is also a solution of the linear inhomogeneous equation
2 = A(t)z + F(t,v*(t),v*(t)) (4.13)

with the initial condition z(7) = £. By the variation of constant formula it is given by
I, 7 (v*, v*; §). Additionally using the mean value theorem we get

IG (v (8), 0 ()| ecet.m) E) GV (1,07 () — G£,0,0)]| ecelt, ) <
e, forteTy,
and hence the inhomogeneous part of equation
y® = B(t)y + G(t,v*(t),v*(t)) (4.14)

is c¢T-quasibounded. With the aid of POTzSCHE [13, Theorem 4(b)] one can show that the
function v* is the only c¢*-quasibounded solution of (4.14) and has the claimed form.

(b) = (a) If (v*,v*) € B (X x D) is a solution of the fixed point problem (4.12), the function v*
has to be the (unique) solution of the dynamic equation (4.13) with v*(7) = £ by the variation
of constant formula. Furthermore POTZSCHE [13, Theorem 4(b)] again implies that the function
v* is a solution of the linear system (4.14) in B (). O

Having all preparatory results at hand, we may now head for our main theorem. As mentioned
in the introduction, invariant fiber bundles are generalizations of invariant manifolds to non-
autonomous equations. In order to be more precise we call a subset S of the extended state
space I x X x Y an invariant fiber bundle if for any triple (7,£,7n) € S one has (¢, A\(t;7,&,1)) € S
for all t € I, 7 < t, where A denotes the general solution of (4.1).

Theorem 4.9 (pseudo-stable and -unstable fiber bundles): We assume Hypothesis 4.1 with
some m € N, and let the global Lipschitz constants |F|, and |G|, satisfy the estimate

[b—a]
< . .
0 <max{|F|,, |G|} < D max (K1, Ka} (4.15)

In addition we choose a fized real number o € (max {K1, Koy max {|F|, , |G|}, ngaj] and let

A denote the general solution of (4.1). Then the following statements are true:

(a) In case I = ijo, 70 € T, there exists a uniquely determined continuous mapping s : I x X —

Y whose graph S := {(1,&,s(7,§)) : T € [,£ € X} can be characterized dynamically for any
growth rate ¢ € €L R(T,R), a+ o0 dc<b—0 as

S={(r,&m) €I x X xY: A7,&n) €BL(XxV)}. (4.16)
Furthermore we have

(a1) s(m,0) =0 on I,

(a2) s : I x X — Y is continuously differentiable in its second argument with globally
bounded derivative

KiKymax {|F|, |G|}

—max { K, Ky} max {|F|,, |G|, } for (r,§) e I x X (4.17)

| Das(r, )l < —

and s(+,§) : X — Y is rd-continuously differentiable for any § € X,



(b)

(c)
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(a3) provided that a + o <0, then D's : I x X — L, (X;Y) exists, is continuous and
globally bounded,

(ag) the graph S C I x X x Y is an invariant fiber bundle of (4.1) and s : I x X — Y
satisfies the invariance equation

A1s(7,8) = B(7)s(7, ) + G(7,&, 8(,€)) = (4.18)
/ Das(p™(7), &+ b (1) [A(T)E + F(7,€, 5(7,€))]) dh [A(T)€ + F(T, €, 5(7,€))]

forallTel, e X.
S is called the pseudo-stable fiber bundle of (4.1).

In case I =T there exists a uniquely determined continuous mapping v : I XY — X whose
graph R :={(m,r(1,n),n) : 7 € I,n € Y} can be characterized dynamically for any growth
rate c € CLR(T,R), a+o0 <c<b—o0 as

R={(r,&n) €I x X xY: A7,6n) € B (X xV)}. (4.19)

Furthermore we have

(b1) r(7,0) =0 on I,

(be) 7 : I xY — X is continuously differentiable in its second arqument with globally
bounded derivative

KiKymax {|F|, |G|}

D <
1D ()l < o —max {Kj, Ko} max {|F|,, |G|}

for (t,n) € I x Y

and r(-,n) : I — X is rd-continuously differentiable for any n € Y,
(bg) provided that 0 < b — o, then Di'r : I x Y — L (YV; X) exists, is continuous and
globally bounded,

(bg) the graph R C I x X x Y is an invariant fiber bundle of (4.1) andr : I x)Y — X
satisfies the invariance equation

1

- Dor(p™ (1), n+ hp* (7) [B(7)n + G(,7(7,m), m)]) dh [B(r)n + G(7,7(7,1),1)]

forallTel, ne ).
R is called the pseudo-unstable fiber bundle of (4.1).

In case I = T only the zero solution of equation (4.1) is contained both in S and R,
i.e. SN R = T x {0} x {0}, and hence the zero solution is the only c*-quasibounded
solution of (4.1) for any growth rate ¢ € €L R(T,R), a+0c Jc<b—o.

Remark 4.10: (1) It is easy to see that the existence of suitable values for o follows from

assumption (4.15). Since we have 0 < 0 < @ there exist functions ¢ € Cf R(T,R) such that
a+ o0 <c<b— o and in addition a + o,b — o are positively regressive.

(2) Since we have not assumed the regressivity of the dynamic equation (4.1) one has to interpret
the dynamical characterization (4.19) of the pseudo-unstable fiber bundle R as follows: A point
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(1,6,m) € I x X x ) is contained in R if and only if there exists a ¢~ -quasibounded solution
A7 &m) I — X x Y of (4.1) satisfying the initial condition z(7) = &, y(7) = 7. In this case
the solution A(+;7,&,n) is uniquely determined.

(3) The assumption of global boundedness of the derivatives in (4.4) can be replaced by the global
Lipschitz continuity of ' and G. If this is done the mappings s and r defining the invariant fiber
bundles S and R are also only globally Lipschitz continuous with respect to £ € X and n € Y
(uniformly in 7 € I), respectively. This result can be easily derived by slight modifications in
the subsequent proof of Theorem 4.9.

(4) By means of cut-off-functions we can deduce a theorem on locally invariant C'!-fiber bundles
for equation (4.1) from the above Theorem 4.9. The essential fact here is that one can replace
the strong assumption of the existence of |F|,,|G|; < co and (4.15) by

lim D3 (F,G)(t,z,y) =0 uniformly in ¢ € I.
(z,y)—(0,0)
The detailed construction can be found in many references (cf. e.g. VANDERBAUWHEDE & VAN
GILs [16]) for autonomous equations and it is easily lifted to our non-autonomous setting.
Nonetheless, it is worth mentioning that although C'°°-cut-off-functions always exist in Hilbert
spaces, in general infinite-dimensional Banach spaces even C'-cut-off-functions may fail to exist
(cf. ABRAHAM, MARSDEN & RATIU [1, p. 273, Lemma 4.2.13]).

(5) If the mappings F and G are m-times continuously differentiable in their variables (z,y) €
X x Y with globally bounded derivatives D&B)F and D&S)G for n € {1,...,m} then one
would expect the same degree of smoothness for the invariant fiber bundles S and R. For
this to be true the growth rates a <1 b have to satisfy a so-called Gap-Condition m ® a < b
or a < m ® b, respectively. Such a generalization of Theorem 4.9 can be found for ordinary
differential equations in STEGMUND [15, p. 73, Satz 8.1]. For difference equations and dynamic
equations it will be shown in forthcoming papers. Our Theorem 4.9 at least provides higher
order smoothness under the following conditions:

e For a <1 b <0 the pseudo-stable fiber bundle S is of class C™.
e For 0 < a <1 b the pseudo-unstable fiber bundle R is of class C™.

e In the hyperbolic case a <1 0 <t b and under the additional assumption

min {|—al, [b]}

0< Fly. 16
< max{|F|;,[G];} < max { K1, K»}

one can always choose a real number o € (max {K1, Ko} max {|F|,,|G|,}, Lb;aJ} such

that a + 0 <0 < b — 0. In this case S and R are as smooth as the right-hand side of the
dynamic equation (4.1) and they are called the stable fiber bundle and the unstable fiber
bundle of (4.1), respectively.

However the paper AULBACH, POTZSCHE & SIEGMUND [5, Example 4.13] contains an example
of an autonomous difference equations where the pseudo-unstable fiber bundle R is not C?, even
though the nonlinearities F' and G are C'°*°-mappings.

Proof (of Theorem 4.9): (a) By A = (A1, A2) we denote the general solution of the dynamic
equation (4.1). We show first that for any pair (7,§) € I x X’ there exists exactly one s(7,§) € Y
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such that A(;;7,&,5(7,€)) € Bl (X x V) for every ¢ € CHR(T,R), a+0 < c Jb—o. Then
the mapping s : I x X — Y defines the invariant fiber bundle S. Now for ¢ € G;rde(T,R),
a+ o0 <c<b— o we obtain the estimate

maX{LKl K }max{\Fh,\G!l}g max {|F|,,|G|,} = L.  (4.20)

c—al |b—c|

Due to assumption (4.15) we immediately get L € [0,1) and hence the operator 7 : B} (X x
V) x X — Bl (X xY) defined in Lemma 4.8 is a uniform contraction in £ € &, since for any
(v,v),(7,0) € B (X x V) and £ € X we have the estimate

max {Kl, KQ}
o

1T (v, 0:6) = T, :9)lIF, 2 || K0 (G, 0) - 6, 0) |11, <
(4.6) K K
<
4

{2 g 19040 - 900 < (1.21)

(4.8) Kl Kg
max{ e Toe }max{ml,ah}n(u,v) 7,07, <

+
T,C*

IN G

(4.20)
< LH(Vv’U)_(ﬂJ_})

Consequently Banach’s fixed point theorem (e.g LANG [12, p. 360, Lemma 1.1]) guarantees the
unique existence of a fixed point (v7(€),v5(€)) € Bl (X x V) of T(;€). This fixed point is

YT

independent of the growth rate ¢ € € R(T,R), a+ o < ¢ < b — o because with Lemma 3.3(b)
we have BF (X x V) C B} (X xY) and every operator T, (;§) : B (X x V) — B (X x V)

has the same fixed point as the restriction 7 (- Formally we can write

|Bj’a+a(/\,’><y)'

Jato (V7 (),07(€)) = (v7(€), v7(§)) = T (v7(€), v7(€);§)  on X. (4.22)

By means of Lemma 4.8 the fixed point (v*(§),v(£)) is a solution of equation (4.1) with

T » T

(V2(€))(r) = & Now we define s(1,€) := (v£(£))(7) and have to prove (4.16).
(C) Due to of the uniqueness of solutions (cf. POTZSCHE [14, p. 38, Satz 1.2.7(a)]) we obtain
the identity A(-;7,€,5(7,€)) = (v5(£),vE(§)) and therefore A(;7,&, 5(7,&)) € B (X x V).

(D) On the other hand the function A(-;7,&,7) is a c¢T-quasibounded solution of the dy-
namic equation (4.1) with Ai(7;7,&,7) = &, and with Lemma 4.8 it is the unique solution

of the fixed point problem (4.12). So we obtain (A1, A2)(;7,&,1n) = (VE(£),vE(§)) and, hence,
n=(v7(§)) (1) = s(7. ).

(a1) Using Hypothesis 4.1(ii) we have A(¢;7,0,0) = (0,0) on T and since this zero solution is
obviously ¢T-quasibounded, the identity

5(1,0) = (V5(0)) () = Ao(737,0,0) 2 0 on T

follows from the uniqueness statement proved before.

(a2) In this step we initially examine the continuous differentiability of the mapping s(7,-) :
X — Y defining the invariant fiber bundle S. The primary tool in this endeavor is Theorem 5.1
from the appendix whose assumptions we check now. To obtain the notation from Theorem 5.1
we declare for any ¢ € €L R(T,R), a + o < ¢ < b— o, the Banach spaces X := B} ato (X X V),
Xy = B .(X x)), A:= X and consider the operator 7;. Due to Lemma 3.3(b) we have the
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a+o‘

continuous embedding B, (X x V) < Bl (X x V). By means of of relation (4.21) the

operator 7, : B, (X x V) x X — Bf (X x V) satisfies a uniform Lipschitz condition

1T (v, 0:€) = T(2,056) | g0 < LI (v, 0) = (7,0 0

for arbitrary pairs (v, v), (7,0) € B:THU(X x V) and £ € X. We define the substitution operator
g@ : Ta+g(é’( xY)— B::O( (X xY)) by g§1)(1/, v) := G (v, v); one should keep in mind the
range of G in Lemma 4.6. Now the embedded mapping J¢ o1 is continuously differentiable
with respect to (v, v). This follows from the identity

(4.

—
—_

)

D2y (ot o Tr) (v, 03 €) D(J51oK+G)(v,v) = D(K-J51,6) (v,v) =
= K:D(J5,0)(vv) =

(4.10)

|||H

IC Jlg( ( ) S E(BTG+U(X X y) B+ (X x y))

and Lemma 4.7. It is obvious that the two linear operators K, € [,(ijaJra(X x Y)) and
Kr € L(B] (X x D)), respectively, and Jg, , commute; the continuous homomorphism K, and
the differential operator D commute because of LANG [12, p. 339, Corollary 3.2]. Furthermore,

we have .
D(l,Q)(‘]g+U7;)(Va v; 5) = J¢§+UICTJ1Q§ )(V’ U) = ICTJlg(l) (V7 U)Jg—l-cr?

and hence relation (5.1) is verified for the (not necessarily continuous) operators

TV = Ko G B (X X D) = L(BE ., (X x V),

TW = K, 1GW B (X x V) — L(BE(X x V)).
Since 7; is linear in &, it is differentiable and the derivative is given by

4.11

DaTi(v,v5€) "2 8, € L(X:BE,, (X x V)

obviously D37, is continuous and hence 7, is continuously differentiable with respect to the
parameter £ € X. After all, for any pair (v,v) € Bf,, (X x ¥) we have the estimate

)
HTl(l)(V’U)Ha BE,(XxD) 4_6 { }H‘hgl VU)HL(Bm+U(XX3’>>S
02 X{?’L - _0_}Hgl v <
mas { T pmeciFl 6 S

as well as HT(I)(V’U)HE(ﬁic(XX)))) < L. From Theorem 5.1 the mapping JS, jvf = v} :+ X —

a+o T

B .(Y) has to be of class C'. Using Lemma 3.4 we also know that s(r,-) = (vi(:)) () : X — Vs,

T

for any fixed 7 € I, a continuously differentiable mapping. Next we prove the estimateﬁ(4.l7)ﬁ. To
this end we consider £, € X and the corresponding fixed points (v(£),vE(€)), (VE(€),vE(E)) €

TS/ Y1 T\ Y1

B (X xY) of To(+;€) and T,(-;§). For growth rates ¢ € €L, R(T,R), a+0 < ¢ <b— o we have

(7€), v3(€) = (3 (&), v, <
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(4.22) _

|17 (v3(6), v3(8): €) = Tr (w5(©), v3(©: 9|,
+[| T w3(€), v (€ §) - T vr@: DL, <
(4.21) max ¢ ¢
2 B IO s (1B, 161 ) 06, 02(6) — 2@, 2@, +

g

+ |75 (©), v3(9); &) = T (v (D), vr(€); D) .

consequently,

1€, v5(€)) = W), vz, <

o
< a—maX{Kl,Kg}maX{‘F’1,|G| }
N (39,038 €) = T (2(9), 3@ D), = (4.23)
(4.11) o At
= O'—maX{Kl,K2}max{‘F|17|G|1} HS‘F(S 5)“7ch
(4.5) .
< - le-é].

o —max {K, Ko} max {|F|,, |G|}

Finally, the mapping s(7,-) : X — Y is globally Lipschitzian uniformly in 7 € I because

[s(.&) =s(m O] = [[(v7(©)(7) ( 1(©)(7) H<HU — o],
= |2 (T (v3(9), v3(€):€) — T (v f))
UL |, (k T(g ), UH(€)) — G} ))I!m_
(4.7) 2 * * S * (& +
< 9wHe e — 6@, <
" Komax Pl 1CW ) ey, ume)) — (@), 2@, <

o
(423) KiKymax {|F|,, |G|}
o —max {K, Ko} max {|F|,,|G|,}

e~ €.

Since differentiable and globally Lipschitz continuous mappings (here with Lipschitz constant

. K1 Ky max{|F|,,|G|, } .. L .
Ly := U_max{KhKQ}max{|F|l7‘G|1}) have a derivative which is bounded by Lg, the estimate (4.17)

follows. Finally the continuity of s : I x Y — ) and of the derivative Dos : I x X — ) result
from POTZSCHE [14, p. 139, Lemma 3.1.3(a)].

(az) We are going to show now that s(7,-) : X — ) is m-times continuously differentiable under
the assumption a + o < 0. Thereby we do not have to use the whole embedding procedure, but
rather may use the well-known uniform contraction principle (see e.g. CHOW & HALE [7, p. 25,
Theorem 2.2]), applied to the uniform contraction 7 : B (X x V) x X — BT (X x V). We may
choose ¢ < 0 and m > 2 here. Using the chain rule and by setting ¢ = d in Lemma 4. 6(c), we see
that 7-(-; &) : B (X xY) — B (X x D), £ € X, is m-times continuously differentiable with the
derivative DHQ)TT(V, v;€) = KrJnG™ (v,v). On the other hand, 7, (v,v;-) : X — Bl (X %),
(v,v) € Bj" (X x)) is a linear continuous mapping and consequently C*° with identically
vanishing derivatives of order m > 2. For this reason 7, is m-times continuously differentiable
and with the aid of the uniform contraction principle the fixed-point mapping (v}, v¥) : X —
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Bl (X x ) is of the class C™ as well. Using Lemma 3.4 again, for arbitrarily fixed times 7 € I,
the mapping s(7,-) = (vi(:))(7) : X — Y is m-times continuously differentiable and POTZSCHE

[14, p. 139, Lemma 3.1.3(a)] implies the continuity of D5's : I x X — L,,(X;)). To show the
global boundedness of the derivatives we differentiate the identity

(V7 (8),v7(8)) = Sr€ + K:G(v7(€),v7(§)) on X

with respect to £ € X by using the higher order chain rule (see ABRAHAM, MARSDEN & RATIU
[1, pp. 96-97]). Then mathematical induction and Lemma 4.6 lead to the assertion, since the
derivatives D"G, n € {1,...,m}, are globally bounded and K, is also continuous.

(ayq) So far the proof has established the fact that the function A\(-;7,&,7n) is ¢-quasibounded
for arbitrary pairs of initial values (7,£,7n) € S. The cocycle property (2.3) now implies for any

time to € T that
(2.3

)
A(t;t07)‘(t0;77§7n)) = A(t77_7£777) on T?(_)
Hence also A(;to, AM(to;7,&,m)) is a c¢T-quasibounded function and additionally this yields
(to, A(to;T,&,m)) € S for any ty € Tr. The invariance equation (4.18) is a consequence of
POTzSCHE [14, p. 139, Lemma 3.1.3(b)].

(b) Since part (b) of the theorem can be proved along the same lines as part (a) we present only
a sketch of the proof. Analogously to Lemma 4.8, for initial values n € ), the ¢~ -quasibounded
solutions of (4.1) may be characterized as the fixed points of a mapping 7; : B; (X X V) x Y —
B;,c(‘)( X y)?

(T, 0"i) () = </1 D (L, pt(s))F(s,v"(s),v"(s)) As,

—00

t
Ba(t, i+ [ a6, (9).07(5) As ).
T

Furthermore, 7, can be decomposed into two linear operators and a substitution operator, as we
have done for 7 in relation (4.11). Now counterparts to our preparatory Lemmas 4.3, 4.4, 4.5, 4.6
and 4.7 hold true in the Banach spaces B .(X x ). Note that in order to prove the counterpart
of Lemma 4.4 (on the linear operator K;) one has to use POTzSCHE [13, Theorem 2(b), Theorem
4(a)] for ¢ -quasibounded perturbations and solutions. It follows from the assumption (4.15)
that 7; is a contraction on B (X x V) and if (v}(n), vi(n)) € By (X x V) denotes its unique
fixed point we define the mapping r : IxY — X by r(7,n) := (v;(n)) (). The claimed properties
of r can be proved using the same arguments as in step (a).

(¢) Let (v,v) : T — X' xY be an arbitrary solution of (4.1) in B (X x)). By means of Hypothesis
4.1(ii), the mapping G(-,v(-),v(-)) is ¢t-quasibounded and as a consequence of POTZSCHE [13,
Theorem 2(c)] v is the unique c¢*-quasibounded solution of 2 = A(t)x + F(t,v(t),v(t)), which
additionally satisfies the estimate

+ lfl + (4.4) KI‘F|1
Iv[|7e < c—a] 1FCv(), vz < c—al

A dual argument using POTzSCHE [13, Theorem 4(c)] applied to the linear dynamic equation
YA = B(t)y + G(t, v(t),v(t)) leads to |[v]|E, < L||(v, U)||7j_cC and together with (4.24) this yields

T, —

(4.20)
I, 0, < LI, (4.24)

T,C T,C

(2.1)
I, )l < Ll o)lx,.-

We therefore obtain (v, v) = (0,0) because of L < 1 and the proof of Theorem 4.9 is complete. [
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5 Appendix

Since the substitution operators under consideration (see Lemma 4.5) become differentiable only
after composition with certain embeddings, we present here an appropriate fixed point theorem
to keep the paper self-contained. It goes back to VANDERBAUWHEDE & VAN GILS [16].

Theorem 5.1 (contractions between embedded Banach spaces): Consider three Banach spaces
Xo, X1 and A with a continuous embedding

X ay

Furthermore the operator T : Xy x A — Xy is assumed to satisfy the following assumptions:

(i) There exists a constant L € [0,1) with

7T (z;0) —T(Z;0)|| < L|lx—Z|| forx, &€ Xy, a € A,

(i) JT : Xp x A — X1 has a continuous partial derivative D1(JT) : Xy x A — L(Xp; X1),
where
Di(JT)(z;0) = J'Tl(l)(x; a) =T (z;a)] on Xy x A (5.1)

for certain operators ’2'1(1) c Xy x A — L(X) and TV : Xy x A — L(X)),
(i1i) T has a continuous partial derivative D27 : Xy x A — L(A; X)),

(iv) Tl(l) and T are bounded by the constant L defined above, i.e.

H’Tl(l)(x;a)H <L, HT(l)(aj; oz)HL <L for(z,a) € Xy x A.

L(Xo) — (X1)

Then for arbitrary parameter values o € A the operator T (-;a) has exactly one fized point
() € Xy, i.e. there exists a mapping x* : A — Xy with the property T (x*(«); o) = z*(a) on
A. Additionally x* is Lipschitz continuous and Jx* : A — X1 is continuously differentiable with
derivative D(Jz*)(a) = JT(a), where T(a) € L(A; Xy) is the unique fized point of the linear

operator equation T = Tl(l)(m*(oz); a)T + DT (2 (a); ).

Proof. Theorem 5.1 follows from VANDERBAUWHEDE & VAN GILS [16, Theorem 3| as well as
from HILGER [9, Theorem 6.1]. O
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