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Abstract. We first determine the dichotomy (Sacker-Sell) spectrum for certain nonau-
tonomous linear evolutionary equations induced by a class of parabolic PDE systems.
Having this information at hand, we underline the applicability of our second result:
If the widths of the gaps in the dichotomy spectrum are bounded away from 0, then
one can rule out the existence of super-exponentially decaying (i.e. slow) solutions of
semi-linear evolutionary equations.
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1 Motivation

When investigating evolutionary equations near non-constant reference solutions, in the vicin-
ity of compact invariant sets (e.g. nontrivial attractors, homo- or heteroclinic solutions) or
under time-variant parameters, one is confronted with a nonautonomous problem: The vari-
ational equation becomes explicitly time-dependent and an appropriate spectral theory turns
out indispensable in order to determine e.g. linear stability. Due to its ambient robustness
properties, uniform asymptotic stability is a favorable concept and can be determined by
means of the dichotomy (dynamical or Sacker-Sell) spectrum (cf. [14, 3, 16]). Actually, appli-
cations of the aforesaid dichotomy spectrum X C R reach further than basic stability issues.
For instance gaps in X allow to construct the entire hierarchy of stable and unstable man-
ifolds, as well as their invariant foliations. Under particular assumptions on the spectrum
it is even possible to extend Lu’s topological linearization result [11] to a class of nonau-
tonomous evolutionary equations in Banach spaces. Yet, specifically this endeavor requests
certain preparations concerning the dichotomy spectrum.

First, for the sake of relevant examples, X. has to be known (at least qualitatively) in various
types of evolutionary differential equations. For instance, delay differential equations were
considered in [12]. Building on previous results from [4, 9, 10], in our Sect. 3 we determine
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the dichotomy spectrum for linear evolutionary equations whose infinitesimal generator is
sectorial with compact resolvent. Canonical examples include uniformly elliptic differential
operators or the poly-Laplacian under the standard boundary conditions.

Second, extending the topological linearization argument of [11] requires evolutionary
equations without nontrivial small solutions. This class of functions decays to 0 faster than
any exponential function and typically occurs for delay differential equations (cf. [6, pp. 74ff]).
Parabolic PDEs, on the other hand, cannot have slow solutions and [1, Lemma 5] serves
as standard reference. In Sect. 4 we generalize this technical, but helpful and interesting
result to semi-linear equations and allow a time-dependent linear part; furthermore, our proof
is slightly simpler. This necessitates to impose two central assumptions: (a) The invariant
projectors associated to the dichotomy spectrum are complete. In the autonomous special case
this means that the infinitesimal generator has a complete set of eigenvectors. (b) Moreover,
the width of the gaps in X needs to be uniformly bounded away from 0.

Indeed, the note at hand is essentially a supplement to [13] and provides preparations
being crucial there. Nonetheless, we feel the present examples and results are both handy and
of independent interest when dealing with nonautonomous parabolic PDEs, their geometric
theory and beyond. Our approach to nonautonomous dynamics is via evolution families and
2-parameter semigroups, rather than skew-product semiflows as used in [4, 9, 10]. We feel
this is more appropriate in the present situation since one can omit e.g. uniform continuity
properties of the coefficient functions (in order to guarantee a compact base space). Finally,
compared to [4, 9, 10] more general time-dependencies and a wider flexibility on the differen-
tial operator is allowed.

Notation: The kernel of a linear operator A on a Banach space X is denoted by N(A), R(A)
is its range and idx the identity. We write c(A) for the spectrum and ¢, (A) for the point
spectrum of A. The Kronecker symbol is denoted as &y € {0,1}, k,I € IN.

Given nonempty subsets B,C C R and A € R it is convenient to abbreviate

A+B:={A+beR:beB}, B+C:={b+ceR:beB,ceC}.

2 Evolution families, dichotomies and Bohl exponents

For an unbounded interval ] C R and a Banach space (X, ||-||), let us introduce our central
notions: We begin with a useful generalization of the semigroup concept when dealing with
time-dependent problems: An evolution family T : {(t,s) € [ x]J:s <t} — L(X) on X is
defined as a mapping such that (¢,s) — T(¢,s)u is continuous for all u € X, which furthermore
fulfills

e J(t,t) =idy and T(t,5)T(s,7) = T(t,7) forall T <s <t
e there exist reals Ko > 1, ap € R such that ||T(t,s)|| < Koe®0(t=5) for all s < .

One says the evolution family T has an exponential dichotomy (ED for short) on ], if there exists
a projector P : ] — L(X) and reals K > 1, « > 0 such that

e J(t,5)P(s) = P(t)T(t,s) for all s < t (P is an invariant projector)
e T(t,5) :=T(t,5)|n(s)) : N(P(s)) — N(P(t)) is an isomorphism for s < ¢t

o |T(ts)P(s)| < Ket=5) and ||T(s, t) [idyx —P(t)]|| < Ke*~*) for s < t.
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Let N C N be an index set. A family of projectors Py : ] — L(X), k € N, is called complete,
if one has
u=Y P(t)u forall (t,u) €] xX.
keN
With ¢ € R we write T,,(t,5) := e7¢~)T(t,5) for the associated scaled evolution family. The
dichotomy spectrum X of T is

Yj:={ye€R: T, admitsno ED on J}.

For evolution families as defined above, ¥ is a closed subset of (—o0,ap]. In general, the
spectrum depends on the interval | and at any rate it holds £; C ZR. If the evolution family
7 is the evolution operator of an abstract nonautonomous differential equation

= A(t)u, (L)

then we write Xj(A) for the dichotomy spectrum. By definition, one has the relation
Li(A+A)=A+%;(A) forallA € R. (2.1)
As a prototype example let us constitute
Example 2.1 (dichotomy spectrum in finite dimensions). In case X = IR", a linear ODE
1= B(t)u (2.2)

with continuous coefficient operator B : | — L(R") and bounded growth generates an evolu-
tion family T(t,s) € L(RY), t,s € J. Its dichotomy spectrum has the form

m
%(B)=J {Af,/\ﬂ ,
j=1
where the reals )\j’,/\j+ are ordered according to A, < AL << AL < )\f. Each of the
m < n spectral intervals [Af' /\f] corresponds to an invariant vector bundle
Xj={(tx) e [ xR": x € R(p;(t))} for1<j<m,
where p; : ] — L(IR") is an invariant projector and one has the Whitney sum (cf. [14, 16])

IXRI=X,®...0 X

For the further special case of scalar ODEs 11 = a(t)u the dichotomy spectrum allows an
explicit representation. Thereto, given a continuous a : | — R, its upper Bohl resp. lower Bohl
exponent is defined as

_ ! 1 pt+T ) hminf  inf 1 +T
a) = 1msu su = a, a) = limmin m = a.
ﬁ]( ) T~>oop TEI]D T J: é]( T—o0 €] /T
[t,T+T]CJ [t,7+T]CJ

One obviously has B ](a) < B;(a) and the integrability conditions

t t
sup a < oo, sup a < oo (2.3)
0<t—s<19s 0<s—t<1+9s$
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are necessary and sufficient for finite Bohl exponents, i.e. B(a) < oo resp. —co < B ](a) (for
this, see [7, p. 259, Prop. 3.3.14]). The boundedness 7 := sup;; [a(t)| < oo even guarantees
that —y < E](a) < B](u) < 7. Moreover, Bohl exponents satisfy

E]()‘+”) :/\—I—éj(a), Bj(A+a) =A+pB(a) forallAeRR.

Example 2.2. (1) If a(t) = a, then é](a) = B](”) =uwaforalla € R.
(2 If a : ] — R is B-periodic with some 6 > 0, i.e. a(t +60) = a(t) holds for all t € |
satisfying t + 6 € ], then Bohl exponents are the means

ﬁ](a) = B;(a) = ;/ttwa(r) dr forallte .

@) If a(t) = 42 + £ sinnt with reals a < B, then é](a) =« and B;(a) = B holds for
every unbounded subinterval | C (0, o).
(4)If 2 : R — R is continuous and fulfills lim; , + a(t) = a™ for reals a—,a™, then

B (a) = B(—oo,’r](a) =, E[T’oo)(a) = B[T,oo)(ﬂ) =at forallT € R,

f(foo,’r]
Bg(a) =min{a",a"}, Br(a) =max{a~,a*}.
Equations with such asymptotically constant or periodic coefficients were studied in [10].

The importance of Bohl exponents is due to their role in stability theory and as boundary
points of the dichotomy spectrum. Our above Ex. 2.2 can be used in:

Lemma 2.3. If a continuous function a : | — R fulfills the integrability conditions (2.3), then the
ordinary differential equation

u=a(t)u (24)

in X possesses the dichotomy spectrum Xj(a) = [é](a), B;(a)].

Proof. Since (2.4) has the evolution operator J(t,s) = (exp J f a) idy for all t,s € ], the claim
follows from [8, Prop. A.2]. O

3 Dichotomy Spectrum of Parabolic Equations

Let X be a separable Hilbert space equipped with the inner product (-, -).

3.1 Generators with discrete spectrum

Let us suppose A : D(A) € X — X is a linear unbounded operator generating a Co-semigroup
S:]0,00) = L(X) and

* 0(A) =0p(A) = {Ar: k€ N} C R with
Mz2Ad=>...,
where every eigenvalue Ay is repeated as many times as its finite multiplicity given by

Uik = dim N(A — Ak ldx)
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¢ each corresponding eigenspace
N(A — A¢idx) = span {ell‘, . .,el;lk}
is spanned by orthogonal eigenvectors e, . . .,e;‘lk € X of A. Thus,
ST
j=1
defines an orthogonal projection on X for every k € IN

. {e}‘ eX:1<j<prand k€ IN} is a complete orthonormal set in X.

The typical examples for such operators are as follows, where Q C R¥ denotes a bounded
domain with piecewise smooth boundary:

Example 3.1 (uniformly elliptic differential operators). Consider a uniformly elliptic differen-
tial operator in divergence form (see e.g. [5, p. 354ff])

d ..
Lu(x) = Y_ D;(a’(x)Dju(x)) forallx € Q
ij=1
with coefficients a’/ € C®(Q)) satisfying a'/ = a/i for all 1 < i,j < d. If we define the operator
(Au)(x) = Lu(x)

on X = L?(Q), then the above properties hold:
(1) In order to capture Dirichlet boundary conditions u(x) = 0 on 9(), choose

D(A) = H*(Q) N HY ().

The principle eigenvalue A; < 0 is negative; the eigenfunctions are contained in H}(Q2).
(2) Concerning Neumann boundary conditions D,u(x) = 0 on 9}, choose the domain

D(A) = {u € H*(Q) : Dyu(x) =0 on dQ}.

For the Laplacian one has A1 = 0.

In particular, if L is the Laplacian A equipped with Dirichlet, Neumann or Robin boundary
conditions (i.e. au(x) + bDyu(x) = 0 on 0Q)), then according to Weyl’s Law the eigenvalues
behave asymptotically as Ay ~ C4(Q)k?/4 for k — co.

Example 3.2 (poly-Laplacian). Given m € IN let us consider the poly-Laplacian
Lu(x) = —(—=A)"u(x) forallx € Q

with homogeneous boundary conditions u(x) = Dyu(x) = ... = D" tu(x) = 0 on 9Q). It
yields an operator
(Au)(x) := Lu(x)

on X = L?(Q) with D(A) = H*(Q) N HY(Q) fulfilling our above properties. The principle
eigenvalue is A; < 0 and thanks to [2, p. 12, Thm. 1.11], the eigenvalues behave asymptotically
as Ax ~ Cy(Q)k>™/4 for k — co.
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Example 3.3 (Laplacian in 1d). The special cases with Q) = (0,¢), ¢ > 0, and
Lu(x) = uyy(x) forall0<x < /¥

allow more explicit results:
(1) For Dirichlet boundary conditions,

D(A) = H?*(0,¢) N H(0,¢)
yields simple eigenvalues Ay = — ()2 with eigenfunctions e*(x) = /3 sin(%x) for k € N.
(2) For Neumann boundary conditions,

D(A) = {u € H*(0,£) : ux(0) = uy(¢) =0},
t(k—1)\2

all eigenvalues A\ = —(™5)" are simple with the eigenfunctions

el(x) = — éF(x) = \/Ecos(n(ke_l)x) for all k > 2.

Finally, in the above examples —A : D(A) C X — X is a sectorial operator and A generates
an analytic semigroup S : [0,00) — L(X) on X (cf. [15, p. 106, Thm. 38.1]) allowing the Fourier
representation

S(Hu="Y_ MLy forallt >0, u € X. (3.2)
keIN

3.2 Systems of parabolic equations

Let L denote a differential operator from the previous Exs. 3.1-3.3. Consider the n-dimensional
system of PDEs

u} = dnLul +...+ dlnLMn,
: (3.3)
uy = dyLut + ...+ dy,Lu",
which briefly can be written as
U, =DLU
with U = (u!,...,u")T, £U := (Lu!,...,Lu")T. The “diffusion matrix” D € L(IR") has the
entries d;; and is supposed to be symmetric positive-definite.

In order to formulate (3.3) as an abstract evolutionary equation in a separable Hilbert
space, we equip the cartesian product X := X" with the inner product

n . .
(u,vy:=)Y (u,v) foralll,V eX.
j=1

Endowing the PDE system (3.3) with ambient boundary conditions allows us to define
(AU)(x) := DLU(x) forallx € O (34)

as an operator on X = L?(Q)" and the domain D(A) = D(A)". The diagonalizability as-
sumption on D shows that also —A is sectorial and thus A generates an analytical semigroup
8 :[0,00) — L(X) on X. Thanks to (3.2) it allows the Fourier representation

s(Hu = Y eMPpu (3.5)
kelN
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with U € X and the complete family (Py)ren of orthogonal projections on X given by
P, = diag(TT, ..., IT).
Here, ITy € L(X) are the orthogonal projections from (3.1) and one has
PP, = 6P forall k,1 € N. (3.6)
Lemma 3.4. Under the above assumptions it is S(t) Py = PS(t) forall t > 0, k € IN.
Proof. Because D is a positive-definite matrix, there exists an invertible S € L(IR") such that
SDS™! = diag(dy, ..., d,)

with eigenvalues d; > 0 for all 1 < j < n. Suppose that the entries of S~! are denoted by §;;.
Given U € X we first obtain

a1l g 1yl 1
. [ Suu ; SulLju [Lu

pstu=rY | + [=X =s'| : |u=sT'Pu (3.7)

=1 §nlul §an]-ul H]-u”

for all j € IN and this implies

S(PjS(t)U) (35 S<Pj ZeAktSfldiag(dl,...,d,,)SPku)

keIN
— S <P]S—1 Z e/\ktdiag(dl,...,dy,)spku>
kelN
e)‘ktdl ; Sllnkul
(3.7) ,
= L Bk g BN
keIN e)\ktdy, I=1 Sankul
. e)‘ftdlslll—ljul . e”‘fdlslll—ljul
(3.6) ) _ .
= p). : = :
=1 e/\jtdnsnlnjul I=1 emjdnsnlnjul
— et/\]‘ diag(dl,...,dn)spju — Set)\jDPju (3’:6) S( Z e)\ktDPklj)ju>
kelN
(3.5)
= S(8(t)pU) forallt>0.
Thus, the claim is established by multiplying with S~! from the left. O

We first capture the effect of a scalar multiplicative and time-dependent perturbation on
the dichotomy spectrum of (3.3). Thereto, assume that a : ] — (0, 00) is a continuous function
fulfilling the integrability conditions (2.3). Endowed with ambient boundary conditions the
system of parabolic equations

Uy, = a(t)DLU

can be formulated as nonautonomous abstract evolutionary equation

u=a(t)Au, (3.8)
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whose evolution operator T(t,s) € L(X) is given by

t
T(ts) =8 < / a) )y M laPp foralls <t (3.9)
S

keN

This representation allows us to obtain

Theorem 3.5 (multiplicative perturbation). The dichotomy spectrum of the evolutionary equation
(3.8) is

= U U[ (Aedja), By (Aedja) |

kelN j=1

with 0(D) = {dy,...,d,} and complete invariant projectors Py : ] — L(X), k € N.

Proof. Thanks to Lemma 3.4 and (3.9) we obtain for every k € IN that

t t
PI(ts) = P8 </ a) —3 (/ a> Po=T(t,s)P foralls <t
S S

Hence, the finite-dimensional vector bundles Xy := {(t,U) € ] x X : U € R(P)} are invariant
w.r.t. (3.8). Thanks to (3.9), inside of each &} the dynamics is determined by

1t = Aga(t)Du, (3.10)
having an evolution operator satisfying T*(t,s) := T(t,s) P;. It consequently follows

= Z Tk(t,s) foralls <t
kelN

and thus

Z]((Z.A) = U Z](ﬂ/\kD).
keIN

Because D is assumed to be symmetric, the ODEs (3.10) are kinematically similar to the diag-
onal systems 11 = Aa(t) diag(ds,...,d,)u for all k € N. Since kinematic similarity leaves the
dichotomy spectrum invariant, one obtains

n
Z]((Z)LkD) = Z](ﬂ)\k diag(dl, e, d U a/\kdl for all k € N

due to the fact that the spectrum of diagonal systems is the union of their diagonal spectra.
Then the assertion follows with Lemma 2.3. O

Example 3.6 (periodic case). If a: ] — (0,0) is f-periodic, then Ex. 2.2(2) guarantees
1
5t = (") Ua U ()
- j=1 keN

i.e. one obtains a discrete spectrum preserving the asymptotics of Ay for k — oo, provided that
the mean ftt+9 a # 0 does not vanish.



Spectrum and decay in nonautonomous equations 9

Example 3.7 (asymptotically autonomous case). Let 0(D) = {1} and suppose the eigenvalues
of £ form a strictly decreasing sequence in (—oo, 0] with

A
lim 25 — 1,

lim A, = —o0
k—o0 k ’ k=00 Ap

For a : R — (0,00) satisfying the limit relations lim;,+ea(t) = a® with 0 < a~,a™" we set
p:=min{a",a”}, 7 := max{a~,a" } and obtain from Thm. 3.5 that

Sr(aA) = [Akﬁ,/\kﬁ] .
kelN

+ — - — ot ; : Akt
If a = a~, then Lr(aA) = a Uren {Ak}. Otherwise, since the sequence (TZ) reN AP~
proaches its limit from above, there is a minimal k* € IN with A}i—:l < % for all k > k*.

We derive pAgi1 > Jidx and hence successive spectral intervals [Akﬁ, Akd overlap for every
k > k*. Thus, the dichotomy spectrum consists only of finitely many intervals

k*—1

Z]R(ELA) = (—OO, /\k*ﬁ] U U [)\kﬁ, )\kﬁ} .
k=1

Our second aim is to describe the impact of linear-homogeneous perturbations in (3.3).
Given a continuous matrix-valued function B : | — L(IR") we consider the PDEs

Us = a(t)LU + B(H)U.

After fixing ambient boundary conditions, it gives rise to the abstract nonautonomous evolu-
tionary equation

i = [a(t)A+ B(t)]u (3.11)

with (AU)(x) := LU(x) and (B(#)U)(x) := B(t)U(x) forallt € ], U € X and x € Q.
Theorem 3.8 (homogeneous perturbation). The dichotomy spectrum of the evolutionary equation
(3.11) is
Zj(aA+B) = J Zj(Aa+B)
keN

and possesses complete projectors p;(-)P : ] — L(X), 1 <1 < m, k € N, where p; : | — L(R?) are
the invariant projectors from Ex. 2.1.

Proof. We subdivide the proof into two steps:
(I) For t € ] we set PL(t) := p;(t)Px € L(X) and write pgj for the components of p;. Because
the orthogonal projections Iy € L(X) are linear mappings, we obtain

u'! " pllj(t)nkul ; Pij(t)ul
PLOU = py(t) : =) : =P ) : = Ppi(H)U
M) P\ @mar | T\
forall U = (u!,...,u") € X and thus

Pi(t) = Pepi(t). (3.12)
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Since Py is a projection and p; a projector, this allows us to show

1 1
PLE = pi(O)Pepr ()P = pu(8)Pepi (1) O D)

and therefore p;(-)P : | — L(X) is a projector forallk € N, 1 <[ < m.
(II) Let Tg(t,s) € L(X), s, t € ], denote the evolution family generated by the ODE

= B(t)u

in X. If the evolution family Tp(f,s) € L(R") of (2.2) has the components t;i(t,s) € R,
1 <1i,j < n, then it follows

Hktlj(t,s)uf
PLOTs(t,s)U = pi(t) ) : = pi(t)T(t,s) U
=1 Ity (t, s)u/
= Tp(t,s)Pi(s)U foralls,t € J, (3.13)

because p; : | — L(IR") is an invariant projector for (2.2). Since the matrix function B does not
depend on x € (), the operators A and B commute and consequently the product representa-
tion T(t,s) = Ta(t,5)Tp(t,s) holds for all s < t. We arrive at

TPy L s </t a) Ts(t, )P (s)U ") 8 </Sta> PL(H)Tp(t5)U
61 g (/t a) Pipi () Tp(t,s)U = P;S (/t a) p(H)Ts(t,s)U

due to Lemma 3.4. This allows us to continue

T(t,s) P U E B Y Mk P (H)T(t s)U

kelN

(3;2) Pi Z eAkfst“pl(t)Pk‘J’B(t,s)U
keIN

= Pipi(t) ¥ Ml Ts(ss)u

keIN
CL i) Y Ml ep (s s)U
kelN
(3.9)

PLE)T a(t,s)Tp(t,s)U = PL(t)T(t,s)U forall s < t.

Consequently, X} := {(t,U) € ] xX: U € R(Pi(t))} are finite-dimensional vector bundles
being invariant w.r.t. (3.11). On every Whitney sum X! @ ... @ X" C | x X the dynamics is
determined by the linear ODE

= [Aa(t)+B(t)]u forallk € N
in R" with evolution operator T¥(t,s) := T(t,s)P. It consequently follows that

T(t,s)= Y T*(t;s) foralls <t
keN

and thus Xj(aA 4+ B) = Uren Z7(aAx + B). O
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Corollary 3.9. Ifa(t) = a > 0 on ], then

Z](afH—B) = U {/\k} +2](B).
kelN

Proof. For such constant functions a the dichotomy spectrum of (3.11) becomes
2.1
Z]((X.A + B) = U Z;(oc)xk + B) (:) U Z}(Dé)\k) +2](B)
keN keN

and this implies the claim. O

4 Exponential decay

Our spectral theory obtained above provides examples well-suited to illustrate a nonau-
tonomous version of [1, Lemma 5]. This vital result ensures that forward solutions to time-
variant parabolic evolutionary equations cannot decay to 0 faster than exponentially.

We actually consider abstract semi-linear evolutionary equations

i = A(t)u+ F(t u) (E)

in a Banach space X. Here, t € | is from an interval ] C R unbounded above. Let us suppose
that the linear part (L) induces an evolution family T(t,s) € L(X), s < t, with the properties:

(L1) Zj(A) = Uren[A AL] € (=00, ag] for some ag € R
(L) There exist real sequences (ag)kenN, (Bx)keNn With
<< fr<ar <P <a
such that £j(A) € Ugen(Bk, k—1) (cf. Fig. 4.1)

(L3) The invariant projectors Py : | — L(X) associated to the spectral intervals [A,,A]],
k € IN, are complete.

ey Pn -1 Pn-1 & Ba a1 B g
I S a4+ S+ — 3+ - .
/\n+1 A?H»l A” )\n )\n71 )\n71 AZ AZ Al /\1 R

Figure 4.1: Dichotomy spectrum X;(A) of the linear part (L) (in red) and the gap intervals
[@n, Bn], mn € N

Concerning the continuous nonlinearity  : | x X — X in (E) let us assume that
(N) F(t,0) = 0 on J and there exists an L > 0 such that

1F(t,u) — F(ta)| < L|u—a| forallte ], uacX.

The mild solution to (E) satisfying u(7) = u is denoted by u(-;T,up) : [1,00) — X for an
initial time T € [ and an initial state uy € X.
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Let the center of the gap intervals [ay, Bi] (cf. Fig. 4.1) be denoted by vy := %ﬁ" and we
introduce the pseudo-stable fiber bundles

Wy = {(T, up) € ] xX: tlim e T | u(t; T, up) || = O} for all k € IN.
—00

These sets clearly satisfy the inclusions Wy.,1 € W for all k € IN.
Notice that a mild solution v to (E) is said to be small, if for every v € R one has

. ')/t —
lim ™ v (t)[| = 0.
While small solutions can occur e.g. in the context of delay differential equations (we refer to
[6, pp. 74ff, Sect. 3.3]), the next result rules out nontrivial small solutions in our setting;:

Theorem 4.1. Under the above assumptions (L) and (N) with

. Br— o
<L f—=—_—— 4.1
Osl<inf = (1)

one has Newy Wik = ] x {0}, i.e. for every nontrivial (mild) solution v : [T,00) — X to (E) there
exists a k € N such that (t,v(7)) € Wiy \ Wh

In few words, Thm. 4.1 implies that for every nontrivial mild solution v there exists a
v € R with limsup, . e"™ |lu(t)|| > 0. This means that (E) cannot have nontrivial so-
lutions decaying to 0 faster than exponentially. As the subsequent proof demonstrates, our
Thm. 4.1 is essentially a corollary of the classical Hadamard-Perron theorem on stable mani-
folds. Concerning a version appropriate for our purposes we refer to [13, Thm. 2.4(a)].

Proof. Let T € | be arbitrary. Given 7 € R it is easy to see that the sets
Boy = {9 € Clr,00) s Jime* (1) = 0}

with the norm |||, := sup,, "= ||¢(t)|| are Banach spaces.
(I) Our assumptions (Lj)-(Lz) on the dichotomy spectrum ensure that for every k € IN
there exist reals K > 1 and an invariant projector P} : | — L(X) so that the estimates

T(t,8)PH (s)|| < Kyet=9), T(s, )Py (1)]| < KpePrts—t) fors <t (4.2)
k k

are fulfilled with the complementary projector P, (t) := idy —P; (t). For every particular
growth rate y := %ﬁk € (ax, Bx), k € N fixed, let us define the operators

St € L(X, Bry), Scug ;=T (-, T)P (T)uo,
T:: Bes — Bey, To(¢) i= / T, 8) P (5)F (s, 9(s)) ds
—/oo‘j'(-,s)?,:(s)?(s,gb(s))ds.

They are well-studied in the literature (e.g. [1, 11, 13, 15]) when By , is replaced by the space of
all continuous functions ¢ satisfying ||¢||,., < co. Thus, it remains to show that the mappings
S., Tr are well-defined:

First, for every 1y € X one has the limit relation

(4.2)
||(STu0)(t)H67(T_t) _ \}T(t,T)T;(T)Mo|\€7(T_t) < Kke(‘xk_')/)(t—"l') ]| t N
—»00
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and therefore S:ug € B¢ ,.
Second, concerning the operator T; choose an arbitrary ¢ € B;,. This ensures that for every
e > 0 there exists a T > T such that

KkL KkL } Y(T—t) s
max , e || <= forallt>T. 4.3
e CARI I 43

Because of (N) we arrive at the estimate

ITe@) O S Kl [ )] ds + Kk [ 50 fg(s)] ds

<KL [0 ds gl + Kk [ e p(s)] ds
+KkL/ eP=9) |p(s)|| ds for all T < t.
t
This, in turn, implies

KL
Y T %%

YKL / €t=5) || p(s) || €7(T9)e6—D) s

ITe(@) (D)} < [l =D) =D g

KL / eB=9) || ()| €7 (7)) dis
t

@3 Kl () (-T) T~ / ! oilt=5) 75—
< 7_“ke ¢, + 3 €).¢ e ds
N f’k; T, / % Bilt=5)7(-) 4
t
Kl (—m(t-T) e ¢
D £18 forallT<
< 9]l +5+75 forall T <1

and due to ay < 7y thereis a T' > T such that %e(“k*ﬂ(t*ﬂ ¢l < 5 holds forall t > T".

Consequently, || T-(¢)(t)||e"™") < & for every t > T’, i.e. Tr(¢) € Brsy.
(IT) Thanks to (I) the Lyapunov-Perron operator

LT . BT”Y X x — BT’A’/, LT((P, MQ) = STMO + TT((P)

is well-defined. As in the proof of [13, Thm. 2.4] one establishes that (4.1) guarantees L. to
be a uniform contraction in the first argument. From the contraction mapping theorem we
deduce a unique fixed-point ¢ (19) € Br. Setting wy (T, 10) := P, (T)(¢%(1o)) (T) one obtains
a function wy : | x X — X fulfilling wy(7,0) = 0 on ] and a global Lipschitz condition with
constant < 1. Moreover, it holds the representation

Wi = {(t,{ +wi(t,8)) € [ x X2 § € R(P{ (1))}

(IIT) After these preparations the actual proof is quite immediate. Indeed, let us suppose
that v : [T,00) — X is a mild solution of (E) which is contained in all W, k € IN. This implies
v(t) = PL(T)v(T) + wi(T, P (T)v(7)) and consequently

[v(O)|| < ||P ()v(n)]| + ||we(t, P (T)v(T)) — we(T,0)|| < 2||PF (t)v(T)|| — 0,

because P (T)v(1) = L k1 Pr(T)v(7) are the remainders in the convergent infinite series
Yken Pr(T)v(T) (cf. (L3)). Thus, v(7) = 0 yielding the claim. O
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